We extend our recent derivation of the time evolution equations for the energy content of magnetic fields and turbulent motions for incompressible, homogeneous, and isotropic turbulence to include the case of nonvanishing helicity. These equations are subsequently numerically integrated in order to predict the present day primordial magnetic field strength and correlation length, depending on its initial helicity and magnetic energy density. We find that all prior analytic predictions for helical magnetic fields, such as the epoch when they become maximally helical and their subsequent growth of correlation length L ∼ a 1/3 and decrease of magnetic field strength B ∼ a −1/3 with scale factor a, are well confirmed by the simulations. An initially fully helical primordial magnetic field is a factor 4 × 10 4 stronger at the present epoch then its nonhelical counterpart when generated during the electroweak epoch. 
I. INTRODUCTION
The time evolution of primordial magnetic fields from very early times to the present is a subject of continuing research (for reviews see [1] [2] [3] [4] ). It has become of particular importance after the recent observational claim [5] that a large fraction of the Universe may be filled by a magnetic field. A volume-filling cosmic magnetic field is a natural prediction when magnetogenesis occurred in the early Universe. It is thus of interest to have as precise as possible predictions on the evolution and possible magnitude of such fields.
There has already been much effort put into this investigation [6] [7] [8] [9] [10] [11] [12] [13] . However, there is an important fundamental difficulty which needs to be overcome; in particular, current numerical simulations do not reach the resolution required in order to reliably study magnetic fields over the large range of length scales and immense cosmic expansion factor between the early epoch of magnetogenesis and the recombination or present epoch. After all, the Universe changes in size by a factor of 10 12 between the electroweak and the recombination epoch, while the respective dynamical time scales differ by a factor of 10 24 . Only a small fraction of the initial magnetic energy survives dissipation -the exact amount may depend on the large scale tail of the magnetic field spectrum as has been seen to be the case for nonhelical fields. Such tails are extremely difficult to deduce from numerical simulations.
Though fairly detailed analytic estimates for the evolution of primordial magnetic fields exist [10] [11] [12] , it may * andrey.saveliev@desy.de † karsten.jedamzik@um2.fr ‡ guenter.sigl@desy.de be of interest to verify them by more sophisticated methods. One such method is a closure theory of magnetohydrodynamics, which has been recently applied by us [14] to nonhelical magnetic fields, with the important result that the field strength tail dependence on the scale L of B(L) ∼ L −α/2 where α = 5 (cf. also [15] ) seems to be essentially independent of the initial conditions in incompressible magnetohydrodynamics (MHD) where we assume freely decaying turbulence after the magnetogenesis epoch, which, however, is dominated by decay times at least of the order of the Hubble time. Here the tail is important as it has a large influence over how much magnetic energy survives.
In this paper we extend the formalism developed in [14] to include helicity. Helical magnetic fields have already attracted much prior attention [15] [16] [17] [18] [19] [20] [21] as they may be much stronger due to an inverse cascade.
To do so this paper is structured as follows: in Sec. II we give a short derivation of the time-evolution equations for a homogeneous and isotropic medium including all terms which appear due to a nonvanishing magnetic helicity and apply the findings to the situation in the early Universe. More details can be found in Appendix A. In Sec. III we then present our results of the time evolution of primordial magnetic fields according to our equations for different initial conditions and finally draw our conclusions in Sec. IV.
II. TIME EVOLUTION OF THE MAGNETIC AND KINETIC ENERGY CONTENT IN HOMOGENEOUS ISOTROPIC MAGNETOHYDRODYNAMICS
For an incompressible fluid (i.e., ∇ · v = 0) the equations for the time evolution of the two main observables of magnetohydrodynamics, the velocity field of the turbulent medium v and the magnetic field B, are given by
and
respectively. Here σ is the conductivity (which is assumed to be very large in the following) and ρ the mass density of the fluid, while f v is some viscous density force. Note that for most part of the evolution of the early Universe, incompressibility is an excellent assumption due to the large speed of sound in the relativistic plasma.
Our main interest lies in the average buildup of magnetic and kinetic energy density, respectively, as well as of the magnetic helicity taken over an ensemble of cosmic realizations (denoted by chevrons ), i.e.,
with M q being the magnetic spectral energy density defined through
U q the kinetic spectral energy density given by
and H q the magnetic helicity density, i.e.,
where A is the magnetic vector potential and h B is the total magnetic helicity density, and where ∇ · A = 0, i.e., Coulomb gauge, has been assumed. For all expressions, V denotes the volume and we have assumed cosmic homogeneity and isotropy which implies that M k , U k and H k are functions only of the magnitude k of the wave vector k. Furthermore, Parseval's Theorem has been used in all three cases in order to obtain a k integral where a hat denotes the Fourier Transform normalized by V 1 2 (cf. Appendix A of Ref. [14] ). With these assumptions we find
By performing the calculations which are presented in Ref. [14] and Appendix A of this paper, we obtain a very general result for the homogeneous and isotropic case, which for (3) is given by
as well as where q, k, and k 1 are the magnitudes of the wave vectors q, k and k 1 = q − k, respectively, and θ is the angle between q and k, i.e., q · k = q k cos θ. Equations (10)- (12) are a set of well-defined equations, since they ensure conservation of energy, momentum, mass, and helicity density to the lowest nontrivial order in ∆t.
It is important to note here that whereas the ideal MHD equations conserve energy and helicity, in any real application to astrophysics and cosmology dissipation plays an important role. In particular, the early Universe is described by a large Prandtl number [11] , a measure of the relative importance of kinetic dissipation versus magnetic diffusion. Dissipation is thus dominated by shear viscosity, such that magnetic diffusion can be neglected. Since energy dissipates by either kinetic or magnetic dissipation, but helicity only by magnetic dissipation, in the early Universe helicity is essentially conserved whereas energy is not. To model this in our simulations we introduce a viscosity term into Eq. (11) .
In addition it should be pointed out that the result obtained in [14] is consistent with the equations presented here as it can be seen that for vanishing initial magnetic helicity, it will be zero for all times and therefore simply the third term in (10) and the last term in (11) have to be dropped.
In order to study the time evolution of magnetic fields in the early Universe, we include expansion accounted by the scale factor a with a 0 = 1 at the initial magnetogensis epoch. In Section III of Ref. [14] , following also Ref. [11] , it was shown that Eqs. (10)- (12) remain invariant in the expanding Universe when time derivatives ∂/∂t are replaced by scale factor derivatives (H 0 /a) ∂/∂ ln a and physical quantities in the integrands of Eqs. (10)- (12) are replaced by their comoving analogues. These comoving quantities (marked by a "c") are related to the physical ones by dt c = dt
, whereas H 0 is the Hubble constant at the initial epoch. In the following the index "c" is dropped, and all quantities are meant to be the comoving ones unless noted otherwise.
III. RESULTS
It is now possible to analyze the time development of both the spectral magnetic and kinetic energy as well as the spectral helicity by numerically integrating the cosmic version of Eqs. (10)- (12) . In comparison to the results without helicity [14] , it may be seen from Fig. 1 that the absolute value and location of the integral scale (i.e., the scale at which the peak of the spectral energy is located) changes dramatically since, due to an inverse cascade, large amounts of energy are transferred to small q. On the other hand, the scaling of the large-scale tail with the wave number stays the same, i.e., we still have qM q ∼ q 5 and, in addition, we find qH q ∼ q 5 as well. In contrast to the nonhelical case, however, the slope of the large-scale tail is much less important in the maximally helical case. The evolution of magnetic energy density and correlation length is determined solely by the requirement of helicity conservation, and not by the tail. In the following we present analytical arguments to explain these results.
A. Large-Scale Magnetic Tail
As in the case for nonhelical fields [14] , the nonvanishing term with lowest power in the Taylor expansion in (q/k) of Eqs. (10)- (12) is of fourth order for large scales, so that for helical fields as well, we have B ∼ L and the values at the integral scale of the magnetic spectral energy (upper right), the kinetic spectral energy (lower left), and the total normalized magnetic helicity density hB/ρ = H k dk (lower right) for different values of the initial spectral helicity in fractions of its maximal value, H0,max ≡ 8πM0/k0. Here we assumed that magnetogenesis has taken place at the QCD epoch.
by simulation as can be seen in Fig. 1 . However, in contrast to nonhelical fields, in the fully helical field case, equipartition, i.e., U k ≃ M k on all scales, does not hold anymore. Rather it is U k ≃ M k only on small scales with U k << M k on the integral scale, an effect also observed in Ref. [11] .
B. Evolution of the Integral Scale
As it will be shown in the following, the main effect of nonvanishing initial helicity is the dramatic change of the time evolution of the integral scale and the corresponding values of the important quantities.
First, we give a short summary of the time evolution of the magnetic spectral energy with vanishing initial helicity. It has been shown [11, 22] that in this case, if the spectral energy has a slope proportional to k α−1 (α > 1) for k < k I , i.e.,
where M 0 is a normalization constant given by the value of M I at a 0 = 1, we have
for the time-dependent integral scale in the early radiation dominated Universe (i.e., H = H 0 /a 2 ), with k 0 = k I (a 0 ) being determined by [22] where U 0 = U I (a 0 ). Since all the initial magnetic field has been dissipated away for k > k I (a), the magnetic field left over at scale factor a is simply given by Eq. (14) inserted into Eq. (13), such that we find
If, however, the initial helicity is not vanishing, it can be seen from Fig. 2 that it only has an influence on the magnetic and kinetic spectral energies if at the integral scale it has a value which is close to the maximal spectral helicity value H I,max given by
However, the magnetic spectral energy decays faster than the spectral helicity in the early Universe, and therefore even by starting with a rather small initial helicity it is inevitable that after some time it obtains its largest possible value given by Eq. (17). Therefore, there are two successive regimes in the time evolution -the first (referred to by "1" in the following) where the effect of helicity is negligible and the second (referred to by "2") where helicity has its maximal value and dominates the time evolution.
One can estimate the time it takes for some initial conditions to evolve to the point where a transition from regime 1 to regime 2 takes place. Here we will focus on the magnetic spectral energy as it is the important observable in our case. We are starting with some initial conditions where for a = a 0 ≡ 1 we have
such that f 0 = 1 corresponds to maximal initial helicity and f 0 = 0 means no initial helicity at all, i.e., H 0 = f 0 H 0,max . If we now assume that, as seen in Fig. 3 , the time evolution for both has a power law dependence on the scale factor a, i.e.,
where, as motivated above, µ 1 > χ 1 > 0, and we can estimate the scale factor a tr of the transition from regime 1 to regime 2 by solving the condition
for a which gives
From this we can, therefore, derive a lower bound on f 0 , such that for all f 0 larger than this lower bound f min , the field has become maximally helical by recombination at scale factor a rec ,
Here the epoch of recombination is relevant, rather than the present, since, as shown in Ref. [11] , during matter domination after the epoch of recombination only negligible further processing of the magnetic fields occurs, provided the magnetic fields are sufficiently strong. Taking the values which have been obtained, i.e., µ 1 = 2α α+2 = 10 7 for α = 5 and χ 1 ≃ 0.32, for a rec = 10 8 (implying magnetogenesis during the QCD epoch at T ∼ 30 MeV) we therefore get f min ≃ 7 × 10 −10 . This implies that even the smallest initial helicities ultimately have an effect on the time evolution of the fields. Furthermore, also the integral scale itself changes its dependence on the scale factor when entering the maximally helical regime 2, i.e., k I ∝ a −κ1 in regime 1, where, according to (14) , we have κ 1 = 2 α+2 , matching well the numerically found value, and k I ∝ a −κ2 in regime 2, where we have numerically obtained κ 2 ≃ 0.66 and µ 2 ≃ 0.67.
The values κ 2 and µ 2 , as well as χ 1 , may be deduced unambiguously by the argument of helicity conservation
where L I = 2π/k I is the integral scale and we have assumed that this scale carries the bulk of the helicity. From Eqs. (23) and (14) one finds immediately χ 1 = − 2 α+2 ≃ 0.286 for α = 5, to be compared to the numerically found 0.3. The values of κ 2 and µ 2 are obtained by considering the turbulent cascading of energy from the integral scale to the dissipation scale. This process will decrease B I and will increase L I . How fast this can happen is determined by the requirement that an eddy turnover can take place on scale L I at epoch with scale factor a [11] , in particular
It needs to be stressed here that the above is a condition to be formulated with physical quantities as opposed to comoving ones. Since we have dropped throughout the index "c", i.e., all quantities in the above equations are comoving, additional powers of the scale factors a enter through L ph I = L I a and ρ ph = ρ/a 4 (note that B ph I / ρ ph = B I / √ ρ). Using these equations we find
for the evolution of comoving integral scale and magnetic field, or equivalently,
such that κ 2 = 2/3 and µ 2 = 2/3, which are in extremely good agreement with the numerical simulations. To summarize the time evolution we may write
with κ 1 = 2 α+2 and κ 2 = 2/3 and
with µ 1 = 2 α α+2 and µ 2 = 2/3, where a tr is given by Eq. (21) With these arguments at hand one can now estimate the strength of the magnetic field, which, compared to the case without magnetic helicity, is larger. In order to make a reasonable estimate, it is important to take into account the time evolution of both the integral scale k I and the corresponding spectral magnetic energy M I in the two different regimes introduced in Sec. III B, given by Eqs. (27) and (28). Using the formula for the magnetic field from [14] ,
where B 0 ≃ (4πρ) 1 2 is the effective magnetic field for the Alfvén velocity v A ≃ 1, i.e., the speed of light, for the optimistic case of initial equipartition between radiation and magnetic energies. This case would correspond to B 0 ≃ 3 × 10 −6 G. If we now acknowledge the integral scale to be the coherence scale of the magnetic field, then for the magnetic field strength at L I = 2π/k I we get Using Eq. (28) we may then finally estimate the magnitude of the present day magnetic field depending on its initial value and the helicity, for magnetogenesis during the QCD and electroweak epoch, respectively, highlighting the importance of helicity. The detailed prediction for the present magnetic field strength as a function of the initial magnetic field strength and helicity is shown in Fig. 4 , where the QCD and electroweak epochs have been assumed as the epoch of magnetogenesis, respectively. In this figure it is assumed that v A /L ≃ H at the magnetogenesis epoch. If this is not the case, the appropriate initial conditions to be used in Fig. 4 may be obtained via
A , L ini , and f ini quantify the initial total magnetic field strength, coherence length and helicity. Note that α = 5 should be employed in Eq. (32), as such a large scale magnetic field tail will quickly develop independent of the initial conditions [14] .
IV. CONCLUSIONS
In this paper we have extended our recent derivation [14] of the evolution of the spectral magnetic and kinetic energy densities in homogeneous and isotropic magnetohydrodynamics by a closure theory to include helicity. The resulting ordinary differential equations were subsequently numerically integrated to predict the evolution of helical cosmic magnetic fields from the early Universe to the present. We find that the energy content and coherence length of submaximally helical magnetic fields essentially evolve as those of magnetic fields in the completely nonhelical case. Due to the long cosmic expansion from the early Universe to the present, however, even magnetic fields with the smallest initial helicities ultimately become maximally helical before the present epoch, thereafter decaying slower than nonhelical magnetic fields due to an inverse cascade. Our simulations agree well with all prior analytic estimates on the evolution of helical magnetic fields. (11) and (12) The derivation of these equations follows exactly the same lines as the one presented in Appendix A of Ref. [14] for nonhelical magnetic fields. In the more general case presented here, magnetic field correlators are assumed to be
with the first and second part of the correlator describing the nonhelical and helical components of the magnetic field, respectively.
Appendix B: Alternative form of the Master Equations
We give here an alternative formulation of the master equations (10)- (12) in terms of k 1 = q − k which is more suitable for numerical integration: 
We note here that for some terms a substantially shorter expression than that given in Appendix B of Ref. [14] has been found by realizing that 
